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Abstract. We revise a method by Kalnins, Kress and Miller (2010) for
constructing a canonical form for symmetry operators of arbitrary order
for the Schro¨dinger eigenvalue equation HΨ ≡ (∆2 + V )Ψ = EΨ on any
2D Riemannian manifold, real or complex, that admits a separation of
variables in some orthogonal coordinate system. Most of this paper is
devoted to describing the method. Details will be provided elsewhere.
As examples we revisit the Tremblay and Winternitz derivation of the
Painleve´ VI potential for a 3rd order superintegrable flat space system
that separates in polar coordinates and, as new results, we show that the
Painleve´ VI potential also appears for a 3rd order superintegrable sys-
tem on the 2-sphere that separates in spherical coordinates, as well as a
3rd order superintegrable system on the 2-hyperboloid that separates in
spherical coordinates and one that separates in horocyclic coordinates.
The purpose of this project is to develop tools for analysis and classi-
fication of higher order superintegrable systems on any 2D Riemannian
space, not just Euclidean space.
Keywords: quantum superintegrable systems, Painleve´ VI equation,
Weierstrass equation
1 Introduction
In the paper [1] the authors constructed a canonical form for symmetry operators
of any order in 2D and used it to give the first proof of the superintegrability
of the quantum Tremblay, Turbiner, and Winternitz (TTW) system [2] in polar
coordinates, for all rational values of the parameter k. In the original method
the various potentials were given and the problem was the construction of higher
order symmetry operators that would verify superintegrability. The method was
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highly algebraic and required the solution of systems of difference equations
on a lattice. Here, we consider an arbitrary space admitting a separation in
some orthogonal coordinate system (hence admitting a 2nd order symmetry
operator), and search for all potentials V for which the Schro¨dinger equation
admits an additional independent symmetry operator of order higher than 2.
Now the problem reduces to solving a system of partial differential equations.
We give a brief introduction to the method and then specialize it to 3rd
order superintegrable systems where we treat a few examples. We revisit the
Tremblay and Winternitz derivation of the Painleve´ VI potential for a 3rd order
superintegrable flat space system that separates in polar coordinates, [3], and we
show among other new results that the Painleve´ VI potential also appears for
a 3rd order superintegrable system on the 2-sphere that separates in spherical
coordinates, as well as a 3rd order superintegrable system on the 2-hyperboloid
that separates in spherical coordinates.
2 The canonical form for a symmetry operator
We consider a Schro¨dinger equation on a 2D real or complex Riemannian man-
ifold with Laplace-Beltrami operator ∆2 and potential V :
HΨ ≡ (−
h¯2
2
∆2 + V )Ψ = EΨ (1)
that also admits an orthogonal separation of variables. If {u1, u2} is the orthog-
onal separable coordinate system the corresponding Schro¨dinger operator can
always be put in the form
H = −
h¯2
2
∆2+V (u1, u2) =
1
f1(u1) + f2(u2)
(
−
h¯2
2
∂2u1 −
h¯2
2
∂2u2 + v1(u1) + v2(u2)
)
(2)
and, due to the separability, there is the second-order symmetry operator
L2 =
f2(u2)
f1(u1) + f2(u2)
(
−
h¯2
2
∂2u1 + v1(u1)
)
−
f1(u1)
f1(u1) + f2(u2)
(
−
h¯2
2
∂2u2 + v2(u2)
)
,
i.e., [H,L2] = 0. We look for a partial differential symmetry operator of arbitrary
order L˜(H,L2, u1, u2) that satisfies
[H, L˜] = 0. (3)
We require that the symmetry operator take the standard form
L˜ =
∑
j,k
(
Aj,k(u1, u2)∂u1u2 −B
j,k(u1, u2)∂u1 − C
j,k(u1, u2)∂u2 +D
j,k(u1, u2)
)
HjLk2 .
(4)
This can always be done. Note that if the formal operator L˜ contained partial
derivatives in u1 and u2 of orders ≥ 2 we could rearrange terms to achieve the
unique standard form (4).
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Details of the derivation can be found in [1].
Note that condition (4) makes sense, at least formally, for infinite order dif-
ferential equations. Indeed, one can consider H,L2 as parameters in these equa-
tions. Then once L˜ is expanded as a power series in these parameters, the terms
are reordered so that the powers of the parameters are on the right, before they
are replaced by explicit differential operators. Of course (4) is defined rigorously
for finite order symmetry operators.
In this view we can write
L˜(H,L2, u1, u2) = A(u1, u2)∂u1u2−B(u1, u2)∂u1−C(u1, u2)∂u2+D(u1, u2), (5)
and consider L˜ as an at most second-order order differential operator in u1, u2
that is analytic in the parameters H,L2. Then the above system of equations
can be written in the more compact form
∂
2
u1
A+ ∂2u2A− 2∂u2B − 2∂u1C = 0, (6)
h¯2
2
(∂2u1B+∂
2
u2
B)−2∂u2Av2−h¯
2
∂u1D−Av
′
2+(2∂u2Af2+Af
′
2)H−2∂u2AL2 = 0, (7)
h¯2
2
(∂2u1C+∂
2
u2
C)−2∂u1Av1−h¯
2
∂u2D−Av
′
1+(2∂u1Af1+Af
′
1)H+2∂u1AL2 = 0, (8)
−
h¯2
2
(∂2u1D + ∂
2
u2
D) + 2∂u1B v1 + 2∂u2C v2 +Bv
′
1 + Cv
′
2 (9)
−(2∂u1B f1 + 2∂u2C f2 +Bf
′
1 + Cf
′
2)H + (−2∂u1B + 2∂u2C)L2 = 0.
We can view (6) as an equation for A,B,C and (7), (8) as the defining equations
for ∂u1D, ∂u2D. Then L˜ is Lˆ with the terms in H and L2 interpreted as (4) and
considered as partial differential operators.
We can simplify this system by noting that there are two functions
F (u1, u2, H, L2), G(u1, u2, H, L2) such that (6) is satisfied by
A = F, B =
1
2
∂u2F + ∂u1G, C =
1
2
∂u1F − ∂u2G, (10)
Then the integrability condition for (7), (8) is (with the shorthand ∂ujF = Fj ,
∂uj∂uℓF = Fjℓ, etc., for F and G),
−h¯
2
G1222 −
1
4
h¯
2
F2222 + 2F22(v2 − f2H + L2) + 3F2(v
′
2 − f
′
2H) + F (v
′′
2 − f
′′
2 H) =
h¯
2
G1112 −
1
4
h¯
2
F1111 + 2F11(v1 − f1H − L2) + 3F1(v
′
1 − f
′
1H) + F (v
′′
1 − f
′′
1 H), (11)
and equation (9) becomes
1
4
h¯
2
F1112 − 2F12(v1 − f1H)− F1(v
′
2 − f
′
2H) +
1
4
h¯
2
G1111 − 2G11(v1 − f1H − L2)
−G1(v
′
1 − f
′
1H) = −
1
4
h¯
2
F1222 + 2F12(v2 − f2H) (12)
+F2(v
′
1 − f
′
1H) +
1
4
h¯
2
G2222 − 2G22(v2 − f2H + L2)−G2(v
′
2 − f
′
2H).
We remark that any solution of (11), (12) with A,B,C not identically 0 cor-
responds to a symmetry operator that does not commute with L2, hence is
algebraically independent of the symmetries H,L2.
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3 3rd order superintegrability
To illustrate how equations (11) and (12) can be used to find potentials for super-
integrable systems, we provide detailed derivations of the determining equations
for 3rd order superintegrability. First we note that the most general 3rd order
operator must be of the form (4) with
A = A0(x, y), B = B0(x, y) +BH(x, y)H +BL(x, y)L,
C = C0(x, y) + CH(x, y)H + CL(x, y)L, D = D0(x, y) +DH(x, y)H +DL(x, y)L,
or, in view of (10),
F (x, y) = F 0(x, y), G(x, y) = G0(x, y) +GH(x, y)H +GL(x, y)L. (13)
Substituting (13) into (11), (12) and noting that the coefficients of indepen-
dent powers of H and L in these expressions must vanish, we obtain 9 equations,
(the first 3 from (11) and the next 6 from (12)):
0 = −6v′1F
0
1 + 6v
′
2F
0
2 − 4v1F
0
11 + 4v2F
0
22 − 2h¯
2G01112 − 2h¯
2G01222
+2F 0v′′2 − 2F
0v′′1 ,
0 = F 011 + F
0
22,
0 = −h¯2GH1112 − h¯
2GH1222 + 3f
′
1F
0
1 − 3f
′
2F
0
2 + 2f1F
0
11 − 2f2F
0
22 − F
0f ′′2 + F
0f ′′1 ,
0 = v′2F
0
1 + v
′
1F
0
2 + v
′
1G
0
1 − v
′
2G
0
2 + 2F
0
12v2 + 2F
0
12v1 + 2v1G
0
11 − 2v2G
0
22 −
1
4
h¯2G01111 +
1
4
h¯2G02222,
0 = v′1G
L
1 − v
′
2G
L
2 + 2v1G
L
11 − 2G
0
11 − 2v2G
L
22 − 2G
0
22,
0 = GL11 +G
L
22,
0 = −f ′2F
0
1 − f
′
1F
0
2 + v
′
1G
H
1 − f
′
1G
0
1 − v
′
2G
H
2 + f
′
2G
0
2 − 2F
0
12f2 − 2F
0
12f1 + 2v1G
H
11
−2f1G
0
11 − 2v2G
H
22 + 2f2G
0
22 −
1
4
h¯2GH1111 +
1
4
h¯2GH2222,
0 = −f ′1G
L
1 + f
′
2G
L
2 + 2f2G
L
22 − 2f1G
L
11 − 2G
H
11 − 2G
H
22,
0 = −f ′1G
H
1 + f
′
2G
H
2 + 2f2G
H
22 − 2f1G
H
11.
4 Some examples (mostly new)
We are particularly interested in potentials with nonlinear defining equations.
First, we show that we get the result of Tremblay and Winternitz [3] that the
quantum system separating in polar coordinates in 2D Euclidean space admits
potentials that are expressed in terms of the sixth Painleve´ transcendent or
in terms of the Weierstrass elliptic function. To do this we must put the sys-
tem in the canonical form (2). The separable polar coordinates are (x, y) =
(r cos(θ), r sin(θ)). For the canonical form we use the coordinates {u1, u2}, where
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r = exp(u1), θ = u2. Thus, f1(u1) = exp(2u1) and f2(u2) = 0. We know that
these extreme potentials can appear only if the potential depends on the angular
variable alone, so we set v1(u1) = 0. Since we want only systems that satisfy
nonlinear equations alone, whenever an explicit linear equation for the potential
appears, we require that it vanish identically.
We obtain a solution
F 0 = 4h¯2 exp(−u1) sin(u2), G
L = −8 exp(−u1) cos(u2) + a4u2 + a3,
G0 = −U1(u2) exp(−u1) + U2(u2), G
H = a5,
subject to the conditions
0 = a4
dv2
du2
+ 2
d2U2
du22
, (14)
0 = h¯2
d4U2
du42
+ 4a4
dv2
du2
v2 − 4
dv2
du2
dU2
du2
, (15)
0 = 8v2 cos(u2) + 4
dv2
du2
sin(u2)−
d2U1
du22
− U1, (16)
0 =
dv2
du2
dU1
du2
− h¯2
d3v2
du32
sin(u2)− 4h¯
2 d
2v2
du22
cos(u2) (17)
+2 sin(u2)(h¯
2 + 4v2)
dv2
du2
− 2v2
(
2h¯2 cos(u2)− 8v2 cos(u2) + U1
)
.
There are basically two cases to consider:
1. a4 = 0.
Then condition (14) says that U2 is linear in u2. Thus condition (15) is a
linear equation for v2(u2) which must vanish. Then condition (16) can be
solved for U1(u2) and the result substituted into condition (17) to obtain
an equation for v2(u2). After some manipulation (using the fact that V2
is unchanged under transformations W → W + c, where c is a constant),
we obtain an equation characterizing Painleve´ VI, in agreement with [3],
equation (4.27):
h¯2
(
sin(u2)
d4W
du42
+ 4 cos(u2)
d3W
du32
− 6 sin(u2)
d2W
du22
− 4 cos(u2)
dW
du2
)
(18)
−12 sin(u2)
dW
du2
d2W
du22
− 4 cos(u2)W
d2W
du22
− 4(β1 sin(u2)− β2 cos(u2))
d2W
du22
−16 cos(u2)
(
dW
du2
)2
+ 8 sin(u2)W
dW
du2
− 8(β1 cos(u2) + β2 sin(u2))
dW
du2
= 0.
Here v2(u2) =
dW (u2)
du2
.
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2. a4 6= 0.
Solving condition (14) for v2(u2) and substituting the result and (14) into
(15) we obtain the equation that characterizes the Weierstrass ℘-function
(in fact it is a translated and rescaled version):
h¯2
d3v2
du32
− 12
dv2
du2
v2 + 12a1
dv2
du2
= 0. (19)
Thus v2(u2) = h¯
2℘(u2 − u2,0; g2, g3) + a1, where u2,0, g2, and g3 are arbi-
trary constants. As shown in [3] this solution is subject to the compatibility
conditions (16) and (17), which leads to a complicated nonlinear differential
equation for v2(u2).
With this verification out of the way, we consider the analogous system on
the 2-sphere, separable in spherical coordinates. Here s1 = sin(θ) cos(φ), s2 =
sin(θ) sin(φ), s3 = cos(θ) with s
2
1 + s
2
2 + s
2
3 = 1. This system is in canonical form
with coordinates u1, u2 where
sin(θ) = (cosh(u1))
−1, φ = u2, f1(u1) = (cosh(u1))
−2, f2(u2) = 0. (20)
As before we look for solutions such that v1(u1) = 0 and v2 satisfies a nonlinear
equation only.
The computation is very similar to that for the Euclidean space example. We
obtain the solution
F 0 = 4h¯2 cosh(u1) sin(u2), G
L = 8 sinh(u1) cos(u2) + a4u2 + a3,
G0 = sinh(u1) U1(u2) + U2(u2), G
H = a5,
subject to the conditions (14)-(17), exactly the same as for Euclidean space.
Thus the system on the 2-sphere also admits Painleve´ VI and special Weierstrass
potentials for 3rd order superintegrability. It is clear from these results that these
systems in Euclidean space can be obtained as Boˆcher contractions, [4], chapter
15, of the corresponding systems on the 2-sphere.
Next we consider spherical coordinates on the hyperboloid s21 − s
2
2 − s
2
3 = 1,
s1 = cosh(x), s2 = sinh(x) cos(φ), s3 = sinh(x) sin(φ).
For the canonical form we find
tanh
(
u1
2
)
= exp(x), u2 = φ, f1(u1) = (sinh(u1))
−2, f2(u2) = 0,
and we look for solutions such that v1(u1) = 0 and v2(u2) satisfies only a non-
linear equation. We obtain the solution
F 0 = 4h¯2 sinh(u1) sin(u2), G
L = 8 cosh(u1) cos(u2) + a4u2 + a3,
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G0 = cosh(u1) U1(u2) + U2(u2), G
H = a5,
subject to the conditions (14)-(17), again exactly the same as for flat space. Thus
the system on the 2-hyperboloid admits Painleve´ VI and special Weierstrass
potentials for 3rd order superintegrability.
For our next example we consider horocyclic coordinates {u1, u2} on the
hyperboloid s21 − s
2
2 − s
2
3 = 1, e.g. [5], section 7.7:
s1 =
1
2
(
u1 +
u22 + 1
u1
)
, s2 =
1
2
(
u1 +
u22 − 1
u1
)
, s3 =
u2
u1
. (21)
These coordinates are separable and the canonical system is defined by f1(u1) =
1/u21, f2(u2) = 0. We look for systems such that v1(u1) = 0, in analogy with our
first three examples.
We obtain the solution
F 0 = −
1
2
a8h¯
2u1, G
L =
u21(a8u2 + a9)
2
−
a8u
3
2
6
−
a9u
2
2
2
+ a10u2,
G0 =
u21
2
U1(u2) + U2(u2), G
H = a7,
subject to the conditions
0 = a8v2 + 2
d2U1
du2
, (22)
0 =
1
2
h¯2a8
d3v2
du32
− 4a8
dv2
du2
v2 + 4
dv2
du2
dU1
du2
, (23)
0 = (2a10 − 2a9u2 − a8u
2
2)
dv2
du2
− 4(a9 + a8u2)v2 + 4U1 + 4
d2U2
du22
, (24)
0 = −2h¯2a8u
2
2
dv2
du2
+ 16(a9 + a8u2)v
2
2 − 4(2a10 − 2a9u2 + a8u
2
2)
dv2
du2
v2 (25)
+
h¯2
2
(2a10 − 2a9u2 − a8u
2
2)
d3v2
du32
− 4h¯2(a9 + a8u2)
−16V2U1 + 8
dv2
du2
dU2
du2
.
There are again two basic cases here:
1. a8 = 0.
Then conditions (22) and (23) say that U1 is a constant: U1(u2) = d1. Then
condition (24) can be solved for U2(u2) and the result substituted into con-
dition (25) to obtain an equation for v2(u2):
−4a9
(
dW
du2
)2
+
(
(−3a9u2 + 3a10)
d2W
du22
+ 4d1
)
dW
du2
+(−a9W+2d1u2−2d3)
d2W
du22
(26)
+h¯2a9
d3W
du32
−
1
4
h¯2(−a9u2 + a10)
d4W
du42
= 0, where v2(u2) =
dW (u2)
du2
.
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2. a8 6= 0.
Here we can solve (22) for v2(u2) and substitute the result into (23) to obtain
the equation
h¯2
d3v2
du32
− 12v2
dv2
du2
+ 12a1
dv2
du2
= 0. (27)
and it follows that v2(u2) = h¯
2℘(u2 − u2,0; g2, g3) + a1, where u2,0, g2, and
g3 are arbitrary constants.
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